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Abstract

The notions of /0-stability of systems of ordinary differential equations (ODEs) were

introduced. In this paper, we will extend the /0-stability notion to a new type of stability

called total /0-stability, and give some criteria and results. Our technique depends on

Liapunov’s direct method. � 2002 Elsevier Science Inc. All rights reserved.
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1. Introduction

The problems of the qualitative properties of differential equations has
been successfully studied in different approaches based on Liapunov’s direct
method, such as cone and cone-valued Liapunov function method (see [3]).

Consider the system

x0 ¼ f ðt; xÞ; ð1:1Þ
and the perturbed system

x0 ¼ f ðt; xÞ þ hðt; xÞ; ð1:2Þ

where f ;h 2 C½J �Rn;R	; J ¼ ½t0;1Þ and f ðt;0Þ ¼ hðt;0Þ ¼ 0, with xðt0; t0;x0Þ ¼
x0; R

n is the n-dimensional Euclidean real space, R¼ ð�1;1Þ. Define

Sq ¼ fx; x 2 Rn; kxk < q; q > 0g:
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The aim of this paper is to extend the notions of /0-stability of [1] to the so-
called total /0-stability of the systems (1.1) and (1.2). These notions in the case
of uniformly lie somewhere between uniform /0-stability of [1] on one side, and
uniform total stability of [2] on the other side.

Going through [1], we shall investigate these notions and obtain the neces-
sary conditions to construct cone-valued Liapunov function.

Now as in [3], we define a Liapunov function V ðt; xÞ 2 C½J �Rn;R	 and the
function

DþV ðt; xÞ ¼ lim
d!0þ

sup
1

d
½V ðt þ d; xþ df ðt; xÞÞ � V ðt; xÞ	:

The following definitions will be needed.

Definition 1.1 [2]. A function /ðrÞ is said to belong to the class K if /ðrÞ 2
C½ð0; qÞ;Rþ	;/ð0Þ ¼ 0 and /ðrÞ is strictly monotone increasing in r.

Definition 1.2 [2]. A function wðtÞ is said to belong to the class L if
wðtÞ 2 C½J ;Rþ	;wðtÞ ! 1 and wðtÞ is strictly monotone decreasing in t.

Definition 1.3 [1]. A proper subset K of Rn is called a cone if:

(i) kK � K; kP 0;
(ii) K þ K � K;
(iii) K ¼ K;
(iv) K� 6¼ ; and
(v) K \ ð�KÞ ¼ f0g,

where K and K� denote the closure and interior of K, respectively, and oK
denotes the boundary of K.

The order relation on Rn induced by the cone K is defined as follows. Let
x; y 2 K. Then

x6 K y iff y � x 2 K and x <K� y iff y � x 2 K�:

The set

K� ¼ f/ 2 Rn: ð/; xÞP 0; x 2 Kg

is called the adjoint cone if it satisfies properties (i)–(v) of Definition 1.3, x 2 oK
iff ðy; xÞ ¼ 0 for some y 2 K�

0 , K0 ¼ K n f0g.

Definition 1.4 [1]. A function L : D ! Rn; D � Rn; is called quasimonotone
relative to the cone K if x; y 2 D and y � x 2 oK, then there exists /0 2 K�

0 such
that ð/0; y � xÞ and ð/0; LðyÞ � LðxÞÞP 0:
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Following [1], we define the set

SðqÞ ¼ fx 2 K : kxk6 q; q > 0g:

Definition 1.5 [1]. The zero solution of (1.1) is said to be /0-equistable if for
each � > 0, there exists d ¼ dðt0; �Þ continuous in t0, for each �, such that the
inequality

ð/0; x0Þ < d implies ð/0; x
�ðtÞÞ < �; tP t0;

where here and in the rest of this paper x�ðtÞ denotes the maximal solution of
(1.1) relative to the cone K � Rn.

Other /0-stability concepts can be similarly defined (see [1]).

Definition 1.6. The zero solution of (1.1) is said to be totally /0-stable if, for
every � > 0; t0 2 R, there exist two constants d1 ¼ dðt0; �Þ, d2ðt0; �Þ such that for
the maximal solution x�ðtÞ of (1.2) and /0 2 K�

0 , the inequality

ð/0; x
�ðtÞÞ < � for tP t0

provided that

ð/0; x0Þ < d1 and ð/0; hðt; xÞÞ < d2:

Definition 1.7. The zero solution of (1.1) is said to be totally /0-stable under
permanent perturbations bounded in the mean if for every � > 0; t0 2 Rþ, and
T > 0 there exist two positive constants d1 ¼ d1ð�Þ and d2 ¼ d2ðt0; �Þ such that
for every solution xðt; t0; x0Þ of the perturbed system (1.2), the inequality

ð/0; x
�ðtÞÞ < � for tP t0

provided that

ð/0; x0Þ < d1 and ð/0; hðt; xÞÞ < cðtÞ

and

Z t0þT

t0

cðsÞds < d2:

Definition 1.8. The zero solution of (1.1) is said to be uniformly totally /0-
stable if a solution xðt; t0; x0Þ of (1.2) is uniformly asymptotically /0-stable with
hðt; 0Þ ¼ 0, and ð/0; hðt; xÞÞ6 rðtÞ; r 2 L.
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2. Main results

In this section, we will discuss and obtain some results of the total /0-
stability of the system (1.1).

Theorem 2.1. Let the zero solution of (1.1) be uniformly asymptotically /0-
stable. Assume further that

kf ðt; xÞ � f ðt; yÞk6 LðtÞkx� yk;

for ðt; xÞ; ðt; yÞ 2 Rþ � K; LðtÞP 0 is a continuous function defined on Rþ; and
Z t0þT

t0

LðsÞds
����

����6 aT ; a is a constant:

Then there exists a cone-valued function V ðt; xÞ with the following properties:

(I) V 2 C½Rþ � SðqÞ;K	; V ðt; 0Þ ¼ 0; and V ðt; xÞ is locally Lipschitzian in x
relative to K for each t 2 Rþ; and for a continuous bðtÞ > 0;

(II) a½ð/0; x
�ðtÞÞ	6 ð/0; V ðt; xÞÞ6 b½ð/0; x

�ðtÞÞ	 a; b 2 K and for /0 2 K�
0 and

ðt; xÞ 2 Rþ � K.
(III) Dþð/0; V ðt; xÞÞ6 � c½ð/0; x

�ðtÞÞ	; c 2 K.

Proof. From the hypotheses, solutions of the system (1.1) exist and are unique.
Let xðt; t0; x0Þ be a solution of (1.1) so that x0 ¼ xð0; t; xÞ. Define the function
c as

c½ð/0; x
�ðtÞÞ	 ¼ 1

A
1½ � expð1� Að/0; x

�ðtÞÞÞ	;

where A > 0 is a constant. If ð/0; x
�ðtÞÞ ¼ 0, then 1

A ½1� expð�Að/0; x
�ðtÞÞÞ	 ¼ 0.

This implies that cð0Þ ¼ 0. If ð/0; x
�ðtÞÞ > 0, then 1

A ½1� expð�Að/0; x
�ðtÞÞÞ	 is

monotone increasing. It follows that c 2 K. Now, we define a cone-valued
Liapunov function V ðt; xÞ by

V ðt; xÞ ¼ sup c½ð/0; x
�ðtÞÞ	xðt þ d; 0; rwðxð0; t; xÞÞÞ

1þ Bd
1þ d

; ð2:1Þ

where rw : SðqÞ ! K is defined in [1] and x�ðtÞ is the maximal solution of (1.1)
relative to the cone K � Rn. For x ¼ 0, thus from (2.1), V ðt; 0Þ ¼ 0, and for
d ¼ 0, we have

c½ð/0; x
�ðtÞÞ	xðt þ d; 0; rwðxð0; t; xÞÞÞ6 KV ðt; xÞ:

Thus

c½ð/0; x
�ðtÞÞ	ð/0; xðt þ d; 0; rwðxð0; t; xÞÞÞÞ6 ð/0; V ðt; xÞÞ
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and

c½ð/0; x
�ðtÞÞ	X0ð/0; eÞ ¼ a½ð/0; x

�ðtÞÞ	6 ð/0; V ðt; xÞÞ; ð2:2Þ

where X0 ¼ min j xiðtÞ j; i ¼ 1; 2; . . . ; n; aðrÞ ¼ u0ð/0; eÞcðrÞ and e ¼ ð1; 1; . . . ;
1ÞT. Since the zero solution of (1.1) is uniformly asymptotically /0-stable, then
given � > 0, there exist two numbers d ¼ dð�Þ, and T ¼ T ð�Þ which are inde-
pendent of t0 such that

ð/0; x0Þ < d ! ð/0; x
�ðtÞÞ < �; for tP T ð�Þ:

By using the fact that ð1þ BdÞ=ð1þ dÞ < B we get from (4.1) that

ð/0; V ðt; xÞÞ ¼ sup
dP 0

c½ð/0; x
�ðtÞÞ	½ð/0; xðt þ d; 0; rwðxð0; t; xÞÞÞÞ	

1þ Bd
1þ d

6 sup
dP 0

c½ð/0; x
�ðtÞÞ	½ð/0; x

�ðtÞÞ	 1þ Bd
1þ d

6B�c½ð/0; x
�ðtÞÞ	

¼ b½ð/0; x
�ðtÞÞ	;

that is,

ð/0; V ðt; xÞÞ6 b½ð/0; x
�ðtÞÞ	; b 2 K: ð2:3Þ

Combining this with (2.2), we have

a½ð/0; x
�ðtÞÞ	6 ð/0; V ðt; xÞÞ6 bð/0; xðtÞÞ; a; b 2 K: ð2:4Þ

This proves (II).
Now, for dP T ð�Þ, where T ð�Þ is a monotonic decreasing function, we have

from uniform asymptotic /0-stability that

ð/0; x
�ðtÞÞ < �:

Hence, if d P T ðcð/0; x
�ðtÞÞÞ for c > 0, then

ð/0; x
�ðtÞÞ < cð/0; x

�ðtÞÞ

implies

c½ð/0; x
�ðtÞÞ	 < cðcð/0; x

�ðtÞÞ	

and

c½ð/0; x
�ðtÞÞ	ð/0; xðt þ d; 0; rwðxð0; t; uÞÞÞÞ

1þ Bd
1þ d

6Bc½ð/0; x
�ðtÞÞ	ð/0; xðtÞÞ

6 b�c½cð/0; x
�ðtÞÞ	

6 ð/0; V ðt; xÞÞ:
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Then

c½ð/0; x
�ðtÞÞ	uðt þ d; 0; rwðxð0; t; xÞÞÞ

1þ Bd
1þ d

6 V ðt; xÞ:

This implies that V ðt; xÞ is defined only for 06 d6 T ðcð/0; x
�ðtÞÞÞ. As

V ðt; xÞ ¼ sup
06 d6 T

c½ð/0; x
�ðtÞÞ	uðt þ d; 0; rwðxð0; t; xÞÞÞ

1þ Bd
1þ d

;

T ¼ T ðcð/0; x
�ðtÞÞÞ.

By Corollary 2.7.1 of [2] and for x1; x2 2 SðqÞ, we have

kV ðt; x1Þ � V ðt; x2Þk

¼ sup
06 d6 T

c½ð/0; x
�ðtÞÞ	xðt

���� þ d; 0; rwðx1ð0; t; x1ÞÞÞ
1þ Bd
1þ d

� sup
06 d6 T

c½ð/0; x
�ðtÞÞ	xðt þ d; 0; rwðx2ð0; t; x2ÞÞÞ

1þ Bd
1þ d

����
6 sup

06 d6 T
c½ð/0; x

�ðtÞÞ	 1þ Bd
1þ d

����
���� rwðx1ð0; t; x1ÞÞk � rwðx2ð0; t; x2ÞÞk

6Kðt;wÞ sup
06 d6 T

c½ð/0; x
�ðtÞÞ	 1þ Bd

1þ d

����
���� exp

Z t

0

LðsÞdskx1 � x2k

6 bðtÞkx1 � x2k;

where

bðtÞ ¼ kðt;wÞ sup
06 d6 T

c½ð/0; x
�ðtÞÞ	 1þ Bd

1þ d

����
���� exp

Z t

0

LðsÞds

locally Lipschitzian in x1 and x2. Therefore V ðt; xÞ is locally Lipschitzian in x1,
x2. Now

kV ðt þ d; xÞ � V ðt; yÞk6 kV ðt þ d; xÞ � V ðt þ d; yÞk
þ kV ðt þ d; yÞ � V ðt þ d; yðt þ d; t; yÞÞk
þ kV ðt þ d; yÞ � V ðt; yÞk: ð2:5Þ

Since V ðt; yÞ is locally Lipschitzian in y and y is continuous in d, then the first
two terms in the right-hand side of the inequality (2.5) are small whenever
ky � xk and d are small.

By using (2.1), the third term tends to zero as d tends to zero. Therefore
V ðt; xÞ is continuous in all its arguments.

Let x ¼ xðt; t0; x0Þ; xq ¼ xðt þ q; t; xÞ; q > 0. Then we have

V ðt þ q; xqÞ ¼ sup
06 d6 T

c½ð/0; x
�ðtÞÞ	xðt þ q þ d; 0; rwðxð0; t þ q; uÞÞÞ 1þ Bd

1þ d
:
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The continuity of V and the uniqueness of the solution of (1.1) imply that there
exists a point dq in which the upper bound is reached so that we have

V ðt þ q; xqÞ ¼ c½ð/0; x
�ðtÞÞ	xðt þ q þ dq; 0; rwðxð0; t þ q; uÞÞÞ 1þ Bd

1þ d
:

By putting dq ¼ d1 � q and using the fact

1þ Bdq

1þ dq
¼ 1þ Bd1

1þ d1

1

�
� ðB� 1Þq
ð1þ Bd1Þð1þ dqÞ

�

we get

V ðt þ q; xqÞ ¼ c½ð/0; x
�ðtÞÞ	xðt þ q; 0; rwðxð0; t þ q; uÞÞÞ

� 1þ Bd1

1þ d1

1

�
�

ðB� 1Þq
ð1þ Bd1Þð1þ dqÞ

�

6 KV ðt; xÞ �
ðB� 1ÞqV ðt; xÞ

ð1þ Bd1Þð1þ dqÞ
:

Since 06 dq < T ; 0 < q < d1 6 q þ T ; T is monotonically decreasing and
using (2.4), we have

V ðt þ q; xqÞ � V ðt; xÞ
q

6 K � ðB� 1ÞV ðt; xÞ
ð1þ Bd1Þð1þ dqÞ

;

/0;
V ðt þ q; xqÞ � V ðt; xÞ

q

� �
6 K � ðB� 1Þð/0; V ðt; xÞÞ

ð1þ Bd1Þð1þ dqÞ
:

So

Dþð/0; V ðt; xÞÞ6 � ðB� 1Þð/0; V ðt; xÞÞ
ð1þ BT ðcð/0; x�ðtÞÞÞð1þ T ðcð/0; x�ðtÞÞÞ þ Bq

6 � bð/0; V ðt; xÞÞ; b 2 K:

6 � ba½ð/0; x
�ðtÞÞ	6 � cð/0; x

�ðtÞÞ	; c 2 K:

This proves (III), and the proof is completed. �

Theorem 2.2. Let the hypotheses of Theorem 2.1 be satisfied. Then the zero
solution of (1.1) is totally /0-stable.

Proof. From Theorem 2.1, property (I) holds. Let � > 0 be given, choose
d1 ¼ d1ð�Þ such that

að�Þ > bðd1ð�ÞÞ for a; b 2 K:

Let xðtÞ ¼ xðt; t0; x0Þ be any solution of (1.2) such that

ð/0; x0Þ < d1 and ð/0; hðt; xÞÞ < d2 for d2 ¼ d2ð�Þ > 0:
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By condition (II) of Theorem 2.1, we have V ðt0; x0Þ ¼ bðd1ð�ÞÞ. Now, we claim
that

ð/0; V ðt; xÞÞ < að�Þ; tP 0:

This claim leads to

a½ð/0; x
�ðtÞÞ	6 ð/0; V ðt; xÞÞ < að�Þ:

Then

ð/0; x
�ðtÞÞ < �:

This shows that the trivial solution of (1.1) is totally /0-stable. Now, we justify
this claim. Define

T ðtÞ ¼ ð/0; V ðt; xÞÞ;

and let this claim be false. Then there exist two numbers t1 and t2 with
t0 < t1 < t2 such that

T ðt1Þ ¼ bðd1ð�ÞÞ; T ðt2Þ ¼ að�Þ

and

T ðtÞP bðd1ð�ÞÞ for t1 6 t6 t2:

This shows that T ðtÞ is nondecreasing in ½t1; t2	 and so we have

DþT ðt1ÞP 0 ð2:6Þ

From (II) and (III) of Theorem 2.1 and for any c� 2 K, we have

Dþð/0; V ðt; xÞÞ6 � c�½ð/0; V ðt; xÞÞ	:

This implies that

DþT 6 � c�ðT Þ þM jð/0; hðt; xÞÞj; M > 0

6 � c�ðT Þ þMd2

6 � c�ðbðd1ð�ÞÞÞ þMd2

¼ �b�ðd1ð�ÞÞ þMd2;

where c�ðbðrÞÞ ¼ b�ðrÞ 2 K. Now, choose d2 ¼ b�ðd1ð�Þ=MÞ. Then

DþT < 0;

which contradicts (2.6) and our claim is justified. Therefore the zero solution is
totally /0-stable and the proof is completed. �

Theorem 2.3. Let the hypotheses of Theorem 2.1 be satisfied. Then the zero
solution of (1.1) is totally /0-stable under permanent perturbation bounded in the
mean.
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Proof. From Theorem 2.1, property (I) holds. Let xðtÞ ¼ xðt; t0; x0Þ be any so-
lution of (1.2) such that

ð/0; x0Þ < d � 1 and ð/0; hðt; xÞÞ6 cðtÞ; where

Z t0þTI

t0

cðsÞds < d2:

Now, by proceeding as in the proof of Theorem 2.2, we arrive at the inequality
(2.6). From (I) and (III) of the property (I) we have

DþT 6 � c�ðT Þ6 � c�ðT Þ þM j ð/0; hðt; xÞÞ j; M > 0

6 � c�ðT Þ þMcðtÞ:

Integrating from t0 to T �, we get

T 6 �
Z T �

t
c�ðT ðsÞÞdsþM

Z T �

t0

cðsÞds

6 �
Z T �

t0

c�ðT ðsÞÞdsþMd2:

Now, if we choose d2 ¼ M�1
R T �

t0
c�ðT ðsÞÞds, then T < 0, that is

ð/0; V ðt; xÞÞ < 0:

But this is impossible since by the condition (II),

ð/0; V ðt; xÞÞP a½ð/0; x
�ðtÞÞ	; a 2 K:

Therefore the result is immediate. �

Theorem 2.4. Let the conditions of Theorem 2.1 be satisfied; and further assume
that hðt; xÞ is locally Lipschitzain in x relative to the cone K � Rn for each
t 2 Rþ. Then the zero solution of (1.1) is uniformly totally /0-stable.

Proof. From Theorem 2.1, it follows that

Dþð/þ0; V ðt; xÞÞ6 � c�½ð/0; V ðt; xÞÞ	 þM ½ð/0; hðt; xÞÞ	
6 � c�½ð/0; V ðt; xÞÞ	 þMrðtÞ; M > 0:

Since r 2 L, then there exists T ¼ T ð�Þ sufficiently large such that for tP T ð�Þ,
we have that rðtÞ ! 0. Therefore

Dþð/0; V ðt; xÞÞ6 � c�ð/0; V ðt; xÞÞ; t � T ð�Þ:

From (II), we have

Dþð/0; V ðt; xÞÞ6 � c�½ð/0; V ðt; xÞÞ þMrðtÞ ¼ �c�½ð/0; x
�ðtÞÞ	:
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where c�; a 2 K and c�½aðrÞ	 ¼ cðrÞ so that c 2 K. Now, using conditions (I),
(II) and (III), we see that the conditions of Theorem 3.1 of [1] are satisfied.
Since

khðt; xÞ � hðt; yÞk6LðtÞkx� yk for a; y 2 K;

then putting y ¼ 0, we get

khðt; xÞk6LðtÞkxk;

when x ¼ 0, we have khðt; 0Þk ¼ 0. Therefore from Theorem 3.4 of [1], and
Definition 1.8 the result is immediated. �
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